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We report lattice dynamics calculations of negative thermal-expansion �NTE� behavior of ZrV2O7 family,
extending our previous work on the ZrW2O8 family. The two families of compounds differ in terms of the
oxygen coordination around the V/W atoms leading to differences in the nature of soft phonons under com-
pression that are responsible for the NTE. Our calculations quantitatively reproduce the negative expansion
over a range of temperatures. We also discuss the relation of the soft phonons with the phase transitions
observed in the ZrV2O7 family. Especially, the calculations show a soft-phonon mode at a wave vector of
0.31�1,1 ,0�, which is in excellent agreement with the known incommensurate modulation in ZrV2O7 below
375 K.
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I. INTRODUCTION

Large isotropic negative thermal expansion �NTE� from
0.3 to 1050 K was discovered1 in cubic ZrW2O8. Since then
many experimental and theoretical simulation studies1–10

have been carried out to determine phonon spectrum and its
relevance to NTE in framework solids. These compounds
may be used to form composites that have specifically tai-
lored thermal-expansion coefficients. Composites containing
the NTE material ZrW2O8 have been examined11,12 for low-
thermal expansion and high conductivity for use in fiber-
optic communication systems.

There has been considerable interest in the negative
thermal-expansion properties of MV2O7 �M =Zr,Hf�. Recent
papers have described work on the structure and thermody-
namic properties of these compounds using a combination of
diffraction and spectroscopic techniques.13–17 Powder and
neutron diffraction, electron microscopy, and differential
scanning calorimetry have been used to study structural
changes in MV2O7 as a function of temperature. Like the
ZrW2O8 family1 �space group P213�, the ZrV2O7 family15,16

has a cubic crystal structure �though with a different space

group Pa3̄�, and shows a large isotropic NTE. However, un-
like the former, only the high-temperature phase of the latter
shows NTE. The basic structure of MW2O8 and MV2O7 con-
sists of corner-sharing MO6 octahedra and WO4 /VO4 tetra-
hedra. In case of MV2O7 each VO4 tetrahedron shares three
of its four O atoms with an MO6 octahedron, while the
fourth is shared with another VO4 tetrahedron leading to a
V2O7 group. All oxygen atoms in MV2O7 have twofold co-
ordination, whereas in MW2O8 one of the oxygen atoms be-
longing to WO4 tetrahedra is coordinated with only one W
atom.

Earlier we reported7–10 inelastic neutron scattering and
lattice dynamical calculations to understand NTE in
ZrW2O8, HfW2O8, ZrMo2O8, Cu2O, and Ag2O. We have
now extended our studies to ZrV2O7 and HfV2O7, which
have a different negative thermal-expansion behavior as
compared to MW2O8. In this paper we report our calculation
of NTE for the high-temperature phase �40 atoms per primi-

tive cell�. Below 375 K, ZrV2O7 first transforms to an in-
commensurate structure,3 and then below 350 K, it further
transforms to a 3�3�3 superstructure16 with cubic space

group of Pa3̄. Our calculations show a soft-phonon mode at
a wave vector of 0.31�1,1 ,0�, which could lead to the in-
commensurate phase transition. We also discuss the positive
thermal expansion in the low-T phase though calculations are
not attempted on its 1080 atoms primitive cell. Section II
gives details about the lattice dynamical calculations, fol-
lowed by the results and discussion and conclusions in Secs.
III and IV, respectively.

II. LATTICE DYNAMICAL CALCULATIONS

The lattice dynamical calculation are performed using the
following interatomic potentials:18,19

V�r� = � e2

4��0
��Z�k�Z�k��

r
� + a exp� − br

R�k� + R�k��� −
C

r6 ,

�1�

where r is the distance between the atoms k and k�. The first
term is the long-range Coulombic attractive potential, the
second is the Born-Mayer repulsion, and the third is the van
der Walls attraction potential. The third term is applied only
between oxygen atoms. Three body terms are not included in
the potential although their contribution to some extent is
mimicked by the two-body potential. For example, O-V-O
and V-O-Zr bond angles are partly determined by the O-O
and V-Zr potentials, respectively. The parameters of the in-
teratomic potential are the effective charge Z�k� and radius
R�k� of the atom type k. a=1822 eV and b=12.364. Partial
charges of Z�Zr /Hf�=2.2, Z�V�=2.75, and Z�O�=−1.1 and
radii parameters R�Zr /Hf�=1.17 Å, R�V�=0.90 Å, and
R�O�=2.05 Å are used. The ionic radius of zirconium
�=86 pm� and hafnium �=85 pm� coordinated by six nearest
oxygen atoms are essentially the same. Therefore the same
radius parameter is used for the Zr and Hf atoms. We have
used the same potentials for both the Zr and Hf compounds
in our previous studies on tungstates9 also. The parameter C
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was set to 100 eV /Å6. Because of the covalent nature of the
V-O bond, a stretching term has been included further in the
potential model.

V�r� = − D exp�− n�r − r0�2/�2r�� . �2�

Both the potentials of Eqs. �1� and �2� are combined in all the
calculations. The parameters of covalent potential are D
=2.0 eV, n=22.0 Å−1, and r0=1.68 Å. The polarizibility of
the oxygen atoms is introduced in the framework of the shell
model20,21 with the shell charge Y�O�=−1.6 and shell-core
force constant K�O�=90 eV /Å2. The potential parameters
satisfy the static and dynamic equilibrium conditions of the
lattice. At any pressure the enthalpy is minimized at T=0
with respect to the lattice parameters and the atomic posi-

tions. The equilibrium structures thus obtained are used in
lattice-dynamics calculations in the quasiharmonic approxi-
mation.

In order to obtain the wave vectors in the Brillouin zone
for the calculation of the density of states and thermal ex-
pansion �as discussed below�, the cubic primitive reciprocal
cell is partitioned with a 18�18�18 mesh. We obtain22 sets
of mesh points that are equivalent by symmetry and retain
only one point in each set with a weight equal to the number
of points in the set. In this way, we used 165 independent
wave vectors with suitable weighting factors. The calcula-
tions are carried out using the DISPR �Ref. 23� software pack-
age developed at Trombay.

Thermal expansion in insulators occurs mainly due to an-
harmonic nature of phonon excitations. NTE or thermal com-
pression is favored if the compression leads to a decrease in
some of the phonon frequencies which in turn leads to an
increase in vibrational entropy. Quantitatively, in the quasi-
harmonic approximation the volume thermal-expansion co-
efficient is given by

�V =
1

BV
	

i

�iCVi�T� , �3�

where V is the unit-cell volume, B is the bulk modulus,
�i�=d ln Ei /d ln V� and CVi are the mode-Grüneisen param-
eter and specific-heat contribution, respectively, of the
phonons in state i�=qj� of frequency Ei. It is worth noting
that anomalous thermal-expansion occurs because �i, which
reflects the dependence of the frequency Ei on volume, is
very different for different modes. Otherwise, the coefficient
of thermal expansion would closely follow the variation in
the specific heat, as happens in many materials. The detailed
procedure for the lattice dynamical calculations and various
thermodynamic properties is given in our previous
publications.18,19

TABLE I. Comparison of the calculated �at 0 K� and experimen-
tal structural parameters in the cubic phase of ZrV2O7 �at 387 K�
�Ref. 16� and HfV2O7 �at 480 K� �Ref. 15�. For the space group

Pa3̄, the Zr/Hf, V, O1, and O2 atoms are located at �0, 0, 0�,
�x ,x ,x�, �x ,y ,z�, and �0.5, 0.5, 0.5�, respectively, and their symme-
try equivalent positions. Since the ionic radii of Hf and Zr are
nearly the same, we have used the same potentials for both the Zr
and Hf compounds. Therefore the calculated structures for both
ZrV2O7 and HfV2O7 are the same.

Expt. Calc.

ZrV2O7 HfV2O7

a �Å� 8.8194 8.7862 8.914

Zr/Hf x 0.0 0.0 0.0

V x 0.3865 0.381 0.390

O1 x 0.4366 0.437 0.439

y 0.2052 0.205 0.213

z 0.4072 0.408 0.419

O2 x 0.5 0.5 0.5
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FIG. 1. �Color online� The calculated phonon-dispersion relation
up to 10 meV for cubic ZrV2O7 and HfV2O7 along the �100�, �110�,
and �111� directions. The solid and dashed lines correspond to am-
bient pressure and 3 kbar, respectively.
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FIG. 2. Calculated partial density of states of various atoms in
ZrV2O7 and HfV2O7.
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III. RESULTS AND DISCUSSION

The temperature dependent x-ray diffraction
measurements3,13,16 for ZrV2O7 and HfV2O7 show that the
phase below 350 K corresponds to a primitive 3�3�3 su-

perstructure phase of Pa3̄ space-group symmetry while the
high-temperature phase above about 375 K corresponds to
the normal parent structure. The intermediate incommensu-
rate phase3 is characterized by a modulation wave vector of
0.314�110�.

The high-T cubic phase of MV2O7 has 40 atoms in the
primitive cell and thus 120 phonon modes at each wave vec-
tor. The calculated pressure dependence of the phonon-
dispersion relation in the high-T phase of MV2O7 in the
quasiharmonic approximation is shown in Fig. 1 up to 10
meV. The significant larger mass of Hf �178.49 amu� in
HfV2O7 in comparison to Zr �91.22 amu� in ZrV2O7 results
in slightly lower phonon energies in HfV2O7. Large soften-
ing with pressure is observed for the phonon branches lying
in the energy range of 2.5–9 meV. The transverse-acoustic
modes along the �100� direction do not show large softening,
which is in contrast to ZrW2O8. The maximum softening
occurs for transverse-acoustic mode at 0.31�110�. These
modes have been calculated in the high-T phase in the quasi-
harmonic approximation. The soft modes at 0.31�110� stabi-
lize in the high-T phase due to anharmonicity and freeze in
the intermediate incommensurate phase. Freezing of these
soft modes at the 0.31�110� points in the reciprocal space at
low temperature leads to the known incommensurate phase.3

We note that the calculated soft-mode wave vector is in ex-
cellent agreement with the observed3 incommensurate modu-
lation. Subsequent freezing of the soft modes at the
�1 /3,1 /3,0� points in the reciprocal space at lower tempera-
ture could lead to the known 3�3�3 superstructure
transition.16 Once the �1 /3,1 /3,0� points become lattice

points due to the phonon freezing, other points such as
�1 /3,0 ,0� and �1 /3,1 /3,1 /3� would also become lattice
points due to the symmetry of the low-T phase even though
the modes at the latter points are not soft in the high-T phase.

The experimental Raman data14,17 have been obtained
from polycrystalline samples in the low-temperature phase.
The range of phonon frequency in the high-temperature
phase is expected to be same as that in the low-temperature
phase. The calculated range �Fig. 2� of phonon frequencies in
the high-temperature phase of ZrV2O7 and HfV2O7 is nearly
same as that obtained from the experimental data14,17 in the
low-temperature phase. The potential reproduces the equilib-
rium crystal structure �Table I� and other dynamical proper-
ties quite satisfactorily as discussed later.

The contribution of various atoms in the lattice to the
phonon vibrations at various energies is illustrated by the
partial density of states shown in Fig. 2, in both the Hf and
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FIG. 3. �a� Calculated pressure
variation of phonon density of
states up to 10 meV in ZrV2O7

and HfV2O7. �b� Calculated Grü-
neisen parameter ��E� averaged
over phonons of energy E. For
comparison, the calculated values
�Ref. 9� of ��E� for ZrW2O8 are
also shown.
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FIG. 4. The calculated volume thermal expansion �solid line� in
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lowest phonon branches �dotted line� and all the phonons below 9
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Zr compounds. The Zr and Hf atoms contribute in energy
range of 0−50 meV, while the vanadium and oxygen atoms
contribute in the entire energy range up to 130 meV. Above
105 meV the contributions are mainly due to V-O stretching
modes. The Zr-O and Hf-O stretching modes occur around
30–35 and 25–30 meV, respectively. The significant larger
mass of Hf �178.49 amu� in HfV2O7 in comparison to Zr
�91.22 amu� in ZrV2O7 give rise to the shift toward lower
energies in the total density especially at low energies.

The calculated pressure dependence of phonon spectra is
used for the calculation of the Grüneisen parameter ��E�,
averaged for all phonons of energy E, in Fig. 3�b� for cubic
ZrV2O7 and HfV2O7. Above 10 meV, the ��E� values are
small and lie between −1 and 1. The cubic HfV2O7 has
slightly lower values of ��E� in comparison to ZrV2O7. This
is similar to the trend deduced from the analysis of the ther-
mal expansion and specific heat data4 in cubic ZrW2O8 and
HfW2O8. Our calculated values of ��E� for ZrW2O8 are also
shown in Fig. 3�b� and show a similar variation as in
ZrV2O7.

Our calculation of the temperature dependence of the vol-
ume thermal-expansion coefficient �Fig. 4� indicates that in
cubic ZrV2O7 almost all the NTE �about 95%� is contributed
from the phonon modes below 9 meV, among which nearly
50% of the NTE arises from just two lowest modes. The
absolute value of thermal-expansion coefficient for HfV2O7
is slightly smaller in comparison with ZrV2O7. The compari-
son between the calculated and experimental data3,15 for cu-
bic ZrV2O7 and HfV2O7 is shown in Fig. 5. The agreement
between our calculations and experimental data is excellent
in the high-T phase between 400 and 900 K. In the low-T
phase below 400 K, the soft phonons of the high-T phase
would freeze and may no longer have the negative Grüneisen

parameters. The low-T phase has positive thermal-expansion
coefficient. Above 900 K, the experimental data show a
sharp drop in the volume at about 900 K, which probably
signifies another phase transition.

In Fig. 6 we show the contribution of various phonons to
the thermal expansion as a function of phonon energy at 500
K for ZrV2O7 and HfV2O7. The maximum negative contri-
bution to �V at 500 K is from the modes of energy from 4 to
7 meV. The nature of the phonons may also be visualized
from the calculated partial contributions of the phonons of
different energies to the mean-square vibrational amplitude
�Fig. 7� of the various atoms. The modes up to 2 meV in-
volve equal displacement of all the atoms, which correspond
to the acoustic modes. Above 2–15 meV, the O1 and O2
atoms connected to ZrO6 and VO4 have larger amplitudes in
comparison of Zr and V. Further, the various oxygen atoms
constituting the tetrahedra have nearly same values of their
vibrational amplitudes, which indicate translation and rota-
tion of the ZrO6 octahedral and VO4 tetrahedral units. This is
quite different from cubic ZrW2O8 where the important
modes around 4 meV involved the oxygen atoms constituting
the WO4 and ZrO6, and these oxygen atoms have signifi-
cantly different values of their vibrational amplitudes, indi-
cating distortions of ZrO6 octahedral and WO4 tetrahedral
units.

IV. CONCLUSIONS

We have reported the lattice dynamical calculations of
NTE in ZrV2O7 and HfV2O7. Our estimates of NTE coeffi-
cient agree very well with available experimental data. Our
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calculations show that phonon modes of energy from 4 to 7
meV are major contributors to NTE. These important phonon
modes involve translations and librations of ZrO6 octahedral
and VO4 tetrahedral units, which significantly soften on
compression of the lattice and lead to the thermal compres-
sion. The maximum softening in the high-T phase occurs at

0.31�1,1 ,0�, which is near �1 /3,1 /3,0�, and the freezing of
these modes at low temperature could lead to the known
incommensurate phase below 375 K, and then below 350 K
to the 3�3�3 superstructure. The phonon modes involved
in NTE in ZrV2O7 are found to be quite different from those
involved in cubic ZrW2O8.
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